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¶
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Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA
We begin with a few remarks on an explicit construction of a Bargmann-Wightman-
Wigner-type quantum field theory [Phys. Lett. B 316, 102 (1993)] in which bosons
and associated antibosons have opposite relative intrinsic parities. We then construct
(1, 0)⊕ (0, 1) Majorana (CP self conjugate) and Majorana-like (CΓ5 self conjugate,
Γ5 = chirality operator) fields. We point out that this new structure in the space
time symmetries may be relevant to P and CP violation.
Until very recently, in all known quantum field theories, bosons and antibosons, compos-
ite or elementary, had the same relative intrinsic parity. However, about three decades ago
[1], Bargmann, Wightman, and Wigner (BWW) had raised the possibility of a field theory
in which a boson and its antiboson appear with opposite relative intrinsic parity. But, to
the best of our knowledge, no explicit construction of a BWW-type quantum field theory
existed. At this symposium, we presented an explicit construction of a quantum field theory
in which a boson and its antiboson appear with opposite relative intrinsic parity; and we thus
provided the first example in (3, 1)-space-time of a quantum field theory of the BWW-type.
Since the explicit construction of this theory has been just published [2], it is not necessary
to repeat the complete construction here; instead, we take the liberty of making a few re-
marks on such a theory. These remarks are followed by further investigation of the P and
CP structure of the (1, 0)⊕ (0, 1) representation space.
¶ This work was done under the auspices of the U. S. Department of Energy. The talk was presented
by D. V. Ahluwalia. Submitted to: Proceedings of the III International Wigner Symposium (Christ
Church, Oxford, 1993).
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For the sake of simplicity, let’s confine ourselves to massive spin-1 particles. The essential
physical origin of a BWW-type quantum field theory, whose mathematical construction
is presented in detail in Ref. [2], is related to the fact that the six-dimensional (1, 0) ⊕
(0, 1) representation space has twice as many degrees of freedom as the normal spin-1 field
theory based on a vector potential Aµ — which, at least before any constraints are imposed,
transforms as a (1/2, 1/2) representation of SL(2, C). As is well known, SL(2, C) is deeply
connected with space-time symmetries associated with the Lorentz group. Now it turns
out that the six-dimensional (1, 0) ⊕ (0, 1) representation space [2] contains two types of
linearly independent objects: three of these objects are seen to be associated with with
one intrinsic parity, while the other three are associated with opposite (relative) intrinsic
parity. The implicit assumption that now enters the formalism is that these objects with
opposite relative intrinsic parity are related as particles and antiparticles. And indeed when
such a physical interpretation is assumed, we find that the operation of charge conjugation,
obtained within this interpretational scheme, anticommutes with the operation of parity. We
thus have an internally consistent theory of a BWW type.
One of the profound consequences of this result, contrary to a deeply held belief by many
theoretical physicists (see, for example, Ref. [3] for a dramatic expression of this belief), is
that it is possible to distinguish (at least for bosons) in which representation space a particle
lives.
While from a theoretical point of view a BWW-type quantum field theory now exists,
from an experimental point of view, the territory is a virgin one. There is no reason to
believe, for example, that the empirically observed W± are anything but the charged bosons
and antibosons of the standard model of electroweak interactions. Similar statements can
perhaps also be made about the composite hadronic mesons of various spins. But, a question
of principle has certainly arisen and we, in the true spirit of our science, must experimentally
establish the facts regarding the relative intrinsic parity of bosons and their antiparticles
or find some serious theoretical flaw with the BWW-type quantum field theories. Profes-
sor Carlo Rubbia, for instance, has suggested [4] that the process γ γ → W+W− can, in
principle, be used to establish if W+ and W− carry the same or opposite intrinsic parities.
Since the gauge bosons W±, and all hadronic mesons, are unstable particles, we must
note with Wigner (see p. 76 of Ref. [1]) that “there is some doubt ... (as to the strict
applicability of such considerations)... because the unstable particles do not belong, strictly
speaking, to any irreducible representations of the Poincare´ groups — a time displacement
does not leave them in the manifold which can be considered to be a state of the unstable
particle.” But to the extent we can, and as we implicitly indeed do, consider the unstable
particles to be still characterised by the Casimir invariants (i.e., mass and spin) associated
with the Poincare´ group, we can perhaps safely postulate that relative intrinsic parity remains
a valid concept and the possibility of having BWW-type particles (stable or otherwise) is a
physically meaningful theoretical notion.
We now enter certain details that go beyond the work of Ref. [2]. Specifically, we would
like to briefly point out further P and CP structure of the (1, 0)⊕(0, 1) representation space.
In order to do this, we recall that the six-dimensional (1, 0)⊕ (0, 1) representation space is
spanned by three (six-element) u0,±1(~p ) spinors and three v0,±1(~p ) spinors (see Eq. (7) of
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Ref. [2] for explicit expressions). The BWW field operator in terms of these spinors reads:
ΨBWW (x) =
∑
σ=0,±1
∫
d3p
(2π)3
1
2ω~p
[
uσ(~p ) aσ(~p ) e
−ip·x + vσ(~p ) b
†
σ(~p ) e
ip·x
]
, (1)
where ω~p =
√
m2 + ~p 2; and [aσ(~p ), a
†
σ′(~p
′ )] = (2π)3 2ω~p δσσ′δ(~p − ~p
′). The ΨBWW (x) has
the property that on CP conjugating it twice, it returns to itself:
[[
ΨBWW (x)
]CP]CP
= ΨBWW (x) , (2)
and under the operation of parity, P , the creation and annihilation operators transform as
U(P ) a†σ(~p ) [U(P )]
−1 = + a†σ(− ~p ) , U(P ) b
†
σ(~p ) [U(P )]
−1 = − b†σ(− ~p ) . (3)
The (1, 0) ⊕ (0, 1) BWW field operator ΨBWW (x) describes spin-1 particles and antiparti-
cles that carry opposite intrinsic parity [2]. Obviously, BWW particles are not their own
antiparticles.
In order to describe spin-1 particles that are their own antiparticles, a CP self-conjugate
(1, 0)⊕ (0, 1) field operator can now be introduced. It reads
ΨMAJ(x) =
∑
σ=0,±1
∫
d3p
(2π)3
1
2ω~p
[
uσ(~p ) cσ(~p ) e
−ip·x + η
GK
vσ(~p ) c
†
σ(~p ) e
ip·x
]
, (4)
where η
GK
is the generalized Goldhaber-Kayser phase factor; and
[cσ(~p ), c
†
σ′(~p
′ )] = (2π)3 2ω~p δσσ′δ(~p− ~p
′) . (5)
We would call such a field operator a (1, 0)⊕(0, 1) Majorana field operator, in direct analogy
to the construction in Ref. [7] for the (1/2, 0)⊕ (0, 1/2) case.
Referring to Eq. (14), and footnote #2, of Ref. [2], it is readily seen that under the
operation of parity ΨMAJ(x) transforms as
U(P ) ΨMAJ(t, ~x) [U(P )]−1 = ei ϑ γ00Ψ
MAJ (t, −~x) , (6)
where γ00, in the generalised canonical representation [2], reads
γ00 =
(
I 0
0 −I
)
, with I = 3× 3 identitymatrix . (7)
While a global phase factor of the type ei ϑ has no physical consequence for the (j, 0)⊕ (0, j)
BWW fields and is completely unconstrained, it has remarkably profound significance for
the (j, 0) ⊕ (0, j) Majorana fields. To see this, first note that Eq. (15) of Ref. [2] provides
3
us with the identities:
γ00 uσ(p
′) = + uσ(p) , γ00 vσ(p
′) = − vσ(p) , (8)
with p′ the parity-transformed p — i.e. for pµ = (p0, ~p ), p′µ = (p0, −~p ). Then, exploit
these identities in Eq. (6) to obtain
U(P ) cσ(~p ) [U(P )]
−1 = + ei ϑ cσ(− ~p ) , (9)
U(P ) c†σ(~p ) [U(P )]
−1 = − ei ϑ c†σ(− ~p ) . (10)
The demand that Eqs. (9) and (10) be consistent with each other fixes ei ϑ in Eq. (6) to
be ± i. The global phase factor constrained in this fashion yields the results:
U(P ) cσ(~p ) [U(P )]
−1 = ± i cσ(− ~p ) . (11)
Racah [6] obtained similar results for the (1/2, 0) ⊕ (0, 1/2) Majorana field. We now have
its counterpart for the spin-1. As a consequence, we find that the (1, 0) ⊕ (0, 1) Majorana
particles carry imaginary intrinsic parity and if singly (or, more generally, in odd numbers)
involved in a physical process would be said to violate parity.
The reader should note that even though ΨMAJ(x) in Eq. (4) has the CP self-conjugate
property, the (1, 0) ⊕ (0, 1) representation space spinors u0,±1(~p) and v0,±1(~p) from which
ΨMAJ(x) is constructed do not. However, for the case of the (1/2, 0)⊕(0, 1/2) representation
space, it is known that self-conjugate spinors exist (see, e.g., Ref. [8]), and these spinors can
be used to construct a different (non-unitarily connected) CP self-conjugate “Majorana-like”
field operator. It is noted in Ref. [5] that this method can be generalized to higher spins in the
(j, 0)⊕(0, j) representation space, and that Majorana-like field operators can be constructed
from these for arbitrary spin. For the spin-1 case, the Majorana-like spinors ρh[ p
µ] and
λh[ p
µ] are obtained explicitly and combined to form the Majorana-like self-conjugate field
operator ΞSθ (for simplicity called χ(x) below) for spin-1 bosons in Ref. [5],
χ(x) =
∑
h=0,±1
∫
d4p
[
S
(ρ)
h (p
µ) ρh[ p
µ] exp(−ip·x) + η
GK
S
(λ) †
h (p
µ) λh[ p
µ] exp(+ip·x)
]
(12)
with [
S
(ρ)
h (p
µ) , S
(ρ) †
h′ (p
′µ)
]
= − (−1)|h| (2π)3 2E(~p ) δh,−h′δ(~p− ~p
′) ,[
S
(λ)
h (p
µ) , S
(λ) †
h′ (p
′µ)
]
= − (−1)|h| (2π)3 2E(~p ) δh,−h′δ(~p− ~p
′) .
(13)
Fields of the form given in Eq. (12) have been motivated from elementary considerations
of space-time symmetries, and it is thus tempting to consider the consequence of spin-1
Majorana-like fields of this character actually existing in nature. To see that this would have
far-reaching physical consequences, note that whereas in the (1/2, 0)⊕(0, 1/2) representation
space the (fermion) spinors are CP self-conjugate, the spin-one (bosons) spinors in the
(1, 0) ⊕ (0, 1) representation space are instead CΓ5 self-conjugate (Γ5 being operation of
chirality in the (1, 0)⊕ (0, 1) representation space). The field operator χ(x) thus describes
particles that are not eigenstates of the CP operator! We leave it to the reader, and a
possible future publication, to investigate the phenomenological relevance of this structure
in the (1, 0)⊕ (0, 1) representation space to P and CP violation.
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We therefore conclude that the (1, 0)⊕ (0, 1) representation space has a rather unexpect-
edly rich structure. It supports the Bargmann-Wightman-Wigner type of spin-1 particles
where particles and antiparticles carry opposite relative intrinsic parity. In addition, there
exist (1, 0) ⊕ (0, 1) Majorana,ΨMAJ (x), and Majorana-like, χ(x), fields that are CP and
CΓ5 self conjugate, respectively. The (1, 0)⊕(0, 1) Majorana field carries imaginary intrinsic
parity, while the particles associated with the (1, 0)⊕ (0, 1) Majorana-like field are not eigen-
states of the CP operator. While it is interesting to see how the P and CP violation seem to
be naturally built into the space-time symmetries, the detailed phenomenological relevance
of this structure in space time is not known at present. Finally, it should be emphasized
that the existence of the Majorana-like field χ(x) is not a matter of pulling a construct out
of thin air but is a natural extension of the (1/2, 0)⊕ (0, 1/2) Majorana-spinor construction
of Ramond [8]. This construction arises [5] as a fine interplay between the transformation
properties of the (j, 0) and (0, j) fields and Wigner’s time reversal operator.
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